In this study, we present a model for the kinetics of multiple overlapping reactions.
Introduction
Successive and simultaneous reactions are common in reacting mixtures, and multiple overlapping reactions are typical in glass batches during their conversion to molten glass [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Yet hardly any mixture found in nature or industrial technology has as many components and undergoes as many reactions as melter feeds during vitrification of nuclear wastes [20, 21] . The waste itself contains compounds of 40 to 60 elements [22] that react with glassforming additives on heating. Consequently, the non-isothermal thermogravimetric analysis (TGA) of high-level waste melter feeds reveals multiple overlapping peaks on the dξ/dt versus T curve, where ξ is the conversion progress, t is the time, and T is the temperature.
These reactions occur within the cold cap, a layer of melter feed floating on the pool of molten glass in the melter [23, 24] . The feed is charged on the top of the cold cap, where the temperature is ∼100°C, and as it moves towards the bottom, where the temperature is ∼1000°C, it is converted to glass [25, 26] . A model for the conversion kinetics is needed for the cold cap model that in turn is a part of the model of the melter.
In this paper, we analyze the gas evolution process as recorded by the non-isothermal TGA. We do not attempt to assess the mechanisms of individual gas-evolving reactions from solid and liquid components, which are both successive and simultaneous and include the release of chemically bonded water, reactions of nitrates with organics, and reactions of molten salts with solid silica. We merely assume that the reactions are independent and their rates can be described by the equation -dξ i /dt = f i (ξ i )A i exp(-B i /T), where f i (ξ i ) = i n i ξ is a power-law function, ξ is the degree of conversion, A is the pre-exponential factor, B is the activation energy, n is the (apparent) reaction order, and the subscript i stands for the i th reaction.
Our goal is to model the reaction kinetics in a way that is sufficient and adequate for modeling of the cold cap process. To this end, we deem the four-parameter simulation for each reaction satisfactory. These parameters are A i , B i , n i , and w i , the weight of the i th reaction
(the fraction of the total mass loss caused by the i th reaction). Considering the number of reactions, this number of parameters is too large to effectively optimize with least-squares regression, especially for less distinct peaks. Therefore, we applied Kissinger's method [27] for the direct estimate of B i s based on the shift of the peak maximum temperature with the rate of heating and used least-squares optimization for the remaining parameters. The kinetics of reactions with overlapping peaks has been investigated since 1980s [28] [29] [30] [31] [32] [33] [34] [35] [36] and the twostep optimization was employed by several researchers [30, 31, 32, 36] .
Theory
The mechanisms of reactions that occur during the conversion of melter feeds to glass are complex. Fortunately, the power-law function satisfactorily describes most of the gasevolving melting reactions monitored by the TGA, allowing us to choose the standard powerlaw kinetics, according to which the rate of gas-evolving reactions can be expressed as
where x i is the fraction of material reacted in the i th reaction.
In his seminal paper, Kissinger [27] derived for B i the formula
where Φ = dT/dt is the temperature increase rate and the subscript m denotes the peak maximum (d 2 x i /dt 2 = 0). This approximate formula is highly applicable for batch melting reactions, as shown in Appendix A.
If Φ is constant and n≠1, integration of Eq. (1) yields ( )
Following Kissinger, who used Murray and White's approximation for the exponential integral [37] , Eq. (3) becomes ( )
This expression allows us to eliminate x from Eq. (1), thus expressing dx i /dT as a function of T and Φ alone.
For multiple reactions that are mutually independent, we can write (using
where x = Σx i . Fig. 1 shows the TGA curves for the melter feed heated at several rates. As expected, the peaks shift to higher temperatures and the peak heights generally decrease as the rate of heating increases.
Experimental
To deconvolute the TGA curve of dx/dT versus T for a series of Φs, T im s were determined as temperatures of the peak maxima or estimated for shoulders on larger peaks. From these data, with Eq. (2), we obtained B i s. Having predetermined B i s facilitated the application of the least squares analysis that we employed to fit the combined Eqs. (4) and (5) to measured dx/dT versus T data to obtain three independent parameters, A i , n i , and w i , for each reaction.
Results
In our previous work [23] , we fitted Eq. (5) with n i = 1 to experimental data, taking advantage of the fact that with n i = 1 one can calculate A i using the formula Fig. 2 displays the results of the least-squares analysis for eight major reactions. Clearly, the agreement of measured and calculated curves is far from satisfactory:
1) the conversion rates are underestimated between peaks 1 and 2 and peaks 4 and 5; 2) the long tail of peak 8 is not well simulated; 3) some calculated peaks overshoot the measured peaks.
To improve the model, we upgraded it to the n th -order reaction model and added reaction 1A between reactions 1 and 2. For the overlapped reactions, such as 1A, we obtained the T m by subtracting the neighboring peaks as calculated from the measured curve. Figure 3 displays the Kissinger plot for all nine peaks. Table 2 lists the values of B calculated with Eq. (2), together with the standard deviations and the coefficients of determination, R 2 . Table 3 lists the result of the least-squares analysis and Fig. 4 displays the deconvoluted TGA curve for the heating rate 15 K/min.
As Fig. 4 shows, peak 8 possesses a long tail, which is probably caused by a process with a temperature-dependent B 8 or by a conglomerate of multiple reactions. The algorithm for the least-squares analysis simulates this long tail via a high value of the reaction order. The fitted n i s were also abnormally high for some other peaks (peak 5, as can be seen in Table 3 , and peaks 1, 1A, and 7 in similar fits to some other heating rates). Because these elongated peaks unduly influence the neighboring peaks, we constrained n i s for peaks 1, 1A, 5, and 7 to 0 < n i < 2 but we left peak 8 to retain an unrestricted reaction order to represent the evolution of gas at high temperatures as faithfully as possible. Peak 8 gases might be responsible for foaming that affects, and perhaps even controls, the melting rate of the cold cap in the waste glass melter [23, 25] . Tables 4, 5 and 6 present the values of the kinetic coefficients A i and n i and the reaction weights, w i , from fitting joined Eqs. (4) and (5) to the TGA curves.
Assuming that the kinetics of individual reactions does not change with the heating rate (Kissinger's formula is based on this assumption), the parameters A i and n i are independent of Φ. Indeed, as the very small values of standard deviation in Table 4 Somewhat larger standard deviations of n i s (up to 39%) indicate differences in the shapes of the peaks, but no trends can be discerned from the values. The n i values of peaks with negligible weights (those in parentheses) were not included in the averages listed in Table 5 (see the virtually nonexistent peak 5 in Figs. 4 and 5) . Note that n i = 2 was imposed as the upper limit for peaks 1, 1A, 5 and 7.
On the other hand, w i can vary with Φ, as consecutive reactions may be influenced by preceding ones, i.e., reactions that run at a lower temperature affect the reactions that follow them, especially when the heating rate is low. Accordingly, some reactions are not independent, but not to the extent that would invalidate the superposition relationship, Eq. (5). Table 7 lists w i values recalculated using the average values of A i and n i listed in Tables 4   and 5 . Since w i is the fraction of the material reacted by i th reaction, the sum of the w i s for all reactions, w = 0.202 ±0.003, represents the total mass loss during the heat treatment. Table 7 also lists the measured values of fractional mass loss, w TGA . Fig. 6 plots the corresponding comparisons of measured and calculated TGA curves together with the peak deconvolution.
Discussion
Our present objective is describing the gas evolution from a melter feed in a way suitable for implementing its kinetics into a mathematical model of the cold cap response to the conditions in the glass melter. To this end, Eq. (5) with the numerical values of parameters is adequate even though the
used does not represent the reaction mechanism.
Provided that the values of A i and n i are independent of Φ, the only task left is to construct reasonable functions of w i s versus Φ, at least for the rates within the interval of 5 to 20 K/min that exist within the cold cap. As evidenced from Table 7 , the w i versus Φ values significantly deviate from constancy, at least for some peaks. Only w 1 is virtually independent of Φ. While some w i s fluctuate because of experimental error, some peaks exhibit discernible trends for 8 which an approximation function w i (Φ) could possibly be constructed. The experimental errors are probably associated with the small sample size; the tiny Pt crucibles contained the sample mass of 30 mg in average, which is rather small for a mixture of granular materials.
Therefore, an instrument that allows larger samples will be used for future experiments.
Three sources of potential errors arise from various approximations of the model itself: 1)
approximation of the exponential integral as a truncated series, 2) approximation used in the development of Kissinger's formula, Eq. (2), and 3) shift in T m caused by peak overlapping.
The third issue, the shift in T m , can be seen in Fig. 1 and is illustrated in Fig. 7 
Conclusions
The kinetic model with empirical reaction order yields a reasonable simulation for the kinetics of multiple overlapping reactions that are typical of melting glass batches. The power-law model employed was successful even though it does not represent the mechanism of reactions between multiple granular solids and ionic and glass-forming melts produced in glass batches at higher temperatures. Thus, each reaction was sufficiently characterized with four coefficients, i.e., the activation energy, the pre-exponential factor, the reaction order, and the weight (the fraction reacted), of which only the weight is a weak function of the rate of heating. To avoid problems with the compensation effect between the activation energy and the pre-exponential factor, we successfully combined Kissinger's method with least-squares optimization. The three kinetic coefficients plus the reaction weights thus obtained can be 
= T mi is large, inequality (A.13) is not satisfied. As Wilburn [33] showed, it is impossible to determine the kinetic coefficients of such reactions. This may be so, yet any model that simulates the measured data with a sufficient accuracy is suitable for mathematical representation of the response of the reacting mixture to increasing temperature within the realistic rate of heating. Here our objective is practical application of the model for a specific response rather than constructing molecular mechanisms of individual reactions.
Appendix B. -Reaction peaks
For f(x) = (1 -x) n , the relationship between the peak height an T m can be derived from (B.
2)
The line in Fig. B1 plots the peak height, dx(T m )/dt, against T m and Φ for peak 3. The data points in Fig. B1 show the heights of deconvoluted peaks (the diamonds) and the heights of the peaks on the TGA curves (the squares). Note that deconvoluted peak heights ale located close (virtually on) the line representing formulas (B.1) and (B.2), whereas the points corresponding to the peak heights on the TGA curves are mostly above the lines and somewhat shifted as discussed in Appendix A.
Finally, by using Eq. (A.4), we have Table 6 . Values of w i and the total fraction reacted, w = Σw i , for Peaks 1-8. 50 K/min 
